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Displacement

Definition
Considering an object in the space, each point of its
volume has a defined position with respect to the
reference
when a force acts, the position of each point can
change, due to two effects:

rigid body motion, i.e. rototranslation in the space
deformation of the body shape

displacement is defined as the difference in position of
the same point before and after force action

u =

 x ′ − x
y ′ − y
z ′ − z

 (1)
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Rigid Displacement

Definition
Two kinds of rigid motion can be highlighted:

rigid translation

x

y

H

L

Figure: rigid translation
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Rigid Displacement

Definition
Two kinds of rigid motion can be highlighted:

rigid rotation

x

y

H

L

Figure: rigid rotation
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Deformation

Definition
Two kinds of deformation can be highlighted:

dilatation

x

y

H

L

Figure: dilatation
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Deformation

Definition
Two kinds of deformation can be highlighted:

distortion

x

y

L

H

Figure: distortion
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Mathematical relationship

Jacobian matrix
considering all the previous effects, point P moves to P ′ and in
the same way Q moves in Q′. The motion can be described by
two vectors dUP and dUQ. So the initial segment U changes
in U ′ and vectorially speaking

P

P �

Q

Q�
U

U �

dUP

dUQ

dh

Figure: vector
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Jacobian matrix
due to the vectorial properties, the changed configuration can
be expressed as

dUP + U = dUQ + U ′ = dUQ + U + dh (2)

simplifying...
dh = dUP − dUQ (3)

that means the rigid translation is not relevant for body shape
modification that is due to rigid rotation and deformation
in matricial form:

dh =

 dxP − dxQ
dyP − dyQ
dzP − dzQ

 =


∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

∂w
∂z

dU = JdU (4)
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Jacobian matrix
Jacobian matrix can be decomposed...

[J] =
1
2

[J]− 1
2

[J]T +
1
2

[J] +
1
2

[J]T (5)

where the first two adding terms give the rotation matrix

[Ω] =

 0 1
2(∂u
∂y − ∂v

∂x ) 1
2(∂u

∂z − ∂w
∂x )

1
2(∂u
∂y − ∂v

∂x ) 0 1
2(∂v

∂z − ∂w
∂y )

1
2(∂u

∂z − ∂w
∂x ) 1

2(∂v
∂z − ∂w

∂y ) 0

 (6)
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Mathematical relationship

Jacobian matrix
whereas the second ones give the deformation matrix

[ε] =


∂u
∂x

1
2(∂u
∂y + ∂v

∂x ) 1
2(∂u

∂z + ∂w
∂x )

1
2(∂u
∂y + ∂v

∂x ) ∂v
∂y

1
2(∂v

∂z + ∂w
∂y )

1
2(∂u

∂z + ∂w
∂x ) 1

2(∂v
∂z + ∂w

∂y ) ∂w
∂z

 =

(7) εxx
1
2γxy

1
2γxz

1
2γxy εyy

1
2γyz

1
2γxz

1
2γyz εzz

 (8)
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Jacobian matrix
in vectorial form

ε =



εxx
εyy
εzz
γxy
γxz
γyz


=



∂
∂x 0 0
0 ∂

∂y 0
0 0 ∂

∂z
∂
∂y

∂
∂x 0

∂
∂z 0 ∂

∂x
0 ∂

∂z
∂
∂y




u
v
w

 = [∂] u (9)
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Deformation

Matrix terms physical meaning
the diagonal terms (ε) means "dilatation"

ε
l

l�

x

y

Figure: dilatation

εxx =
∂u
∂x
∼= l ′ − l

l
=

u
l

(10)
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Deformation

Matrix terms physical meaning
the other terms (γ) means "distorsion"

l

π

2
− γ

x

y

du

dv

Figure: distorsion

γxy = α + β =
∂u
∂y

+
∂v
∂x

(11)
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Forces

Surface and Volume forces
Considering an infinitesimal volume, the equilibrium can be
written

Figure: Surface and Volume forces in an infinitesimal volume, in
cyan the normal surface forces, and in red the volume forces
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Forces

Surface and Volume forces
all the surface contributions minus the volume force

~dtx + ~dty + ~dtz − ~df = 0 (12)

That means the surface forces difference across the
volume is equal to zero if no volume forces are present.
In fact the force variation across the volume is equal to
the volume force contribution, as a consequence

~dt =

 dtx
dty
dtz

 =

 dfx
dfy
dfz

 (13)
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Forces

Stress definition
Stress is defined as

lim
S−→0

dt
dS

= σ (14)

and due to the infinitesimal dimension of the area,
moment is

lim
S−→0

dm
dS

= 0 (15)
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Forces

Stress definition
stress can be divided into two types: normal and tangential.
The first is normal to the surface where it acts and it is usually
called σ, the second is applied on the surface and acts along
one of the other two directions and it is usually called τ .

σxx

σzz

σyy

τxy

τyx

τxz

τzx

τzy

τyz

x

y

z

�dt

Figure: Normal (red arrows) and shear (green arrows) stress
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Forces

Stress definition
considering expression 14 and figure 9, the force increment
can be rewritten as

~dt =

 σx
τxy
τxz

dydz +

 τyx
σy
τyz

dxdz +

 τzx
τzy
σz

dxdy (16)

equation 12 can be exploded along Cartesian directions,
writing (for example along x)

(
∂σx

∂x
dx)dydz +(

∂τxy

∂y
dy)dxdz +(

∂τxz

∂z
dz)dydx−dfxdxdydz = 0

(17)
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Forces

Equilibrium equation
Then, by reordering the equation 17 and the other
along y and z, in vectorial form it is possible to write:


∂
∂x 0 0 ∂

∂y
∂
∂z 0

0 ∂
∂y 0 ∂

∂x 0 ∂
∂z

0 0 ∂
∂z 0 ∂

∂x
∂
∂y




σx
σy
σz
τxy
τxz
τyz

 =

 dtx
dty
dtz

 =

[∂]T dt
(18)
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Duality

By observing equation 9 and equation 18, it is possible
to note that the differential operator is the same, just
transposed. This is the first important element for the
analysis of elastic field.
The CM highlights this duality considering the
geometrical quantities where displacements and forces
are defined. In fact, displacements are defined related
to a point (eq. 1). The dual geometrical element of a
point is a volume, and field forces are defined related to
a volume (eq. 12)
Difference of displacements is defined according to an
edge (the connection between two nodes, see eq. 4)
whereas the surface forces are related to an area (eq.
14). In CM the edge has an area as dual geometrical
entities.
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Figure: Geometrical quantities
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Duality

Considering the geometrical relationships between
elements, it is possible to highlight:

Figure: Geometrical relationship: duality
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Duality

The CM operators are integer, but they are deeply linked to
the differential operators and the relationships between
differential and integer operators are the same

Figure: Operator relationship: duality
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Topological equation: 2D example

Discretization
Considering the plane triangle of the figure, it is possible to identify the
three nodes n1, n2, n3, the edges that connect the nodes e1, e2, and
e3. Each edge is related to a dual surface, in the figure indicated by L̃.
The triangle is plane and it has a constant thickness, so the dual
surface ã is the product of the length L̃ for the thickness δ. The dual
volumes are defined by the dual surfaces and they are related to each
node.
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Configuration equation in CM

Configuration equation
Eq. 4 can be rewritten in CM considering an edge and the
difference between the displacements of the two related nodes.
Consider a plane element made by tree nodes.

due1
dve1
due2
dve2
due3
dve3


=



1 0 −1 0 0 0
0 1 0 −1 0 0
0 0 1 0 −1 0
0 0 0 1 0 −1
1 0 0 0 −1 0
0 1 0 0 0 −1





un1
vn1
un2
vn2
un3
vn3


(19)
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Source equation
Eq. 12 can be rewritten in CM considering the dual surface related
to an edge (L̃). Consider a plane element made by tree nodes, and
positive the surface force t that has outer orientation

−1 0 0 0 −1 0
0 −1 0 0 0 −1
1 0 −1 0 0 0
0 1 0 −1 0 0
0 0 1 0 1 0
0 0 0 1 0 1





txL̃1

tyL̃1

txL̃2

tyL̃2

txL̃3

tyL̃3


= {f} (20)
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Topological equation
Referring to the duality expressed before, the eqs. 19
and 20 can be simplified, writing:

h = Gu (21)

−D̃t = f (22)

and then, using the duality D̃ = −Gt source equilibrium
becomes:

GT t = f (23)
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... between configuration and source spaces
What said before is independent on the material of the
studied body. The relationship between the source and
the configuration spaces has to be related to the
material.
In the linear elastic field, relationship between stress
and strain is defined by the material, and it is measured
by means of tensile test. In formula

σx
σy
τxy

 =

 E
(1−ν2)

νE
(1−ν2)

0
νE

(1−ν2)
E

(1−ν2)
0

0 0 E
2(1+ν)


εx
εy
γxy

 (24)

where E is the Young’s modulus of the material and ν is
the Poisson ratio of the material, determined by means
of tensile tests.
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... between configuration and source spaces
In order to measure the Young modulus a tensile or
compression test is performed using a testing machine.
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... between configuration and source spaces
The slope of the linear part of the curve is the Young
modulus
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... between configuration and source spaces
Poisson coefficient is the shrinkage of the material
measured in the orthogonal direction of tensile stress

ε

l�

l

h
h�

νε
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... between configuration and source spaces
in formula, the expression of the transverse strain is:

εt =
h′ − h

h
(25)

the relationship between transverse and longitudinal
strain is the Poisson ratio, defined as

ν = −εt

εl
(26)

The procedure to obtain ν is quite the same used for E ,
in fact, usually, when a strain gage is used for measure
the longitudinal strain, in the same time, another strain
gage measures the transverse strain
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... between configuration and source spaces
But the source and the configuration equilibria are not
written with respect to respectively stress and strain.
As first step, stress has to be related to the force, this is
possible considering the discretization and the dual
surface, consider the three nodes plane element ...

tx = σx ãx + τxy ãy (27)
ty = τyx ãx + σy ãy



Finite
Formulation of

the Linear
Elastic

Problem
Chap. 1

C. Rosso

Configuration
variables

Source
variables

Relationship
between
source and
configuration
variables

Constitutive
equation

Constitutive
equation

Constitutive equation

... between configuration and source spaces
and, writing (27) for each dual face inside a triangle, the
relationship between surface force and stress can be
written as:

txL̃1

tyL̃1

txL̃2

tyL̃2

txL̃3

tyL̃3


= δ



L̃1x 0 L̃1y

0 L̃1y L̃1x

L̃2x 0 L̃2y

0 L̃2y L̃2x

L̃3x 0 L̃3y

0 L̃3y L̃3x


 σx
σy
τxy

 (28)

where δ is the problem depth. In compact form:

t = Aσ (29)
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... between configuration and source spaces
As second step, strain has to be related to the displacement
gradient, this is possible considering the discretization and the
primal edge, consider the three nodes plane element ...

 εx
εy
γ

 =

 Px1 0 Px2 0 0 0
0 Py1 0 Py2 0 0

Py1 Px1 Py2 Px2 0 0




due1
dve1
due2
dve2
due3
dve3

 (30)

and in compact form
ε = Ph (31)
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Topological equation: 3D example

Discretization
Considering the tetrahedral element of the figure, it is possible to
identify the four nodes n1, n2, n3, n4, the six edges that connect
the nodes e1, e2, e3, e4 ,e5, and e6. Each edge is related to a
dual surface.The dual volumes are defined by the dual surfaces
and they are related to each node.

e1

e2

e3

e4

e5

e6
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Configuration equation for 3D element
Eq. 4 can be rewritten in CM considering an edge and the
difference between the displacements of the two related nodes.
Consider a 3D tetrahedral element made by four nodes.

hx1
hy1
hz1
hx2
hy2
hz2
hx3
hy3
hz3
hx4
hy4
hz4



=



I3 −I3 03 03
I3 03 −I3 03
I3 03 03 −I3
03 I3 −I3 03
03 I3 03 −I3
03 03 I3 −I3





u1
v1
w1
u2
v2
w2
u3
v3
w3
u4
v4
w4



(32)
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Source equation
Eq. 12 can be rewritten in CM considering the dual surface related
to an edge (L̃). Consider a tetrahedral element made by four
nodes, and positive the surface force t that has outer orientation


−I3 −I3 −I3 03 03 03
I3 03 03 −I3 −I3 03
03 I3 03 I3 03 −03
03 03 I3 03 I3 I3





tx1
ty1
tz1
tx2
ty2
tz2
tx3
ty3
tz3
tx4
ty4
tz4



= f (33)
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Referring to the duality expressed before, the eqs. 19
and 20 can be simplified, writing:

h = G3u (34)

−D̃3t = f (35)

and then, using the duality D̃3 = −GT
3 source

equilibrium becomes:

GT
3 t = f (36)
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

σx
σy
σz
τxy
τxz
τyz

 =


[

(1−ν)E
(1−2ν)(1+ν)

]
3×3

0

0
[

E
(1+ν)

]
3×3




εx
εy
εz
γxy
γxz
γyz

 (37)

where E is the Young’s modulus of the material and ν is the
Poisson ratio of the material, determined by means of
tensile tests.
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

t1x
t1y
t1z
t2x
t2y
t2z
. . .
t6x
t6y
t6z


=



ãx1 0 0 ãy1 0 ãz1
0 ãy1 0 ãx1 ãz1 0
0 0 ãz1 0 ãy1 ãx1

ãx2 0 0 ãy2 0 ãz2
0 ãy2 0 ãx2 ãz2 0
0 0 ãz2 0 ãy2 ãx2
...

...
...

...
...

...
ãx6 0 0 ãy6 0 ãz6
0 ãy6 0 ãx6 ãz6 0
0 0 ãz6 0 ãy6 ãx6





σx
σy
σz
τxy
τxz
τyz

 (38)

where ã are components of the area vectors of the portion of dual
face contained inside a volume. In compact form:

t = Aσ (39)
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As a second step, strain has to be related to the
displacement gradient. By considering a tetrahedral
element with four nodes and affine behaviour of the
displacement components u, v ,w with respect to the
spatial coordinates, the displacement can be written as
a function of (x , y , z) as:

u(x , y , z) = Hxxx + Hxyy + Hxzz + cu (40)
v(x , y , z) = Hyxx + Hyyy + Hyzz + cv (41)

w(x , y , z) = Hzxx + Hyzy + Hzzz + cw (42)
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where the H components are constant. Writing the relative
displacements along x direction of the primal nodes one obtains:

hx1 = u1 − u2 = Hxx (x1 − x2) + Hxy (y1 − y2) + Hxz(z1 − z2)(43)
hx2 = u1 − u3 = Hxx (x1 − x3) + Hxy (y1 − y3) + Hxz(z1 − z3)(44)
hx3 = u1 − u4 = Hxx (x1 − x4) + Hxy (y1 − y4) + Hxz(z1 − z4)(45)
hx4 = u2 − u3 = −hx1 + hx2 (46)
hx5 = u2 − u4 = −hx1 + hx3 (47)
hx6 = u3 − u4 = −hx2 + hx3 (48)

(49)
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and noting that the last three equations are linearly
dependent on the first three, the formulation can be
rewritten as: hx1

hx2
hx3

 =

 L̃1x L̃1y L̃1z

L̃2x L̃2y L̃2z

L̃3x L̃3y L̃3z

 Hxx
Hxy
Hxz

 (50)
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The matrix containing components of the edge vectors are
defined as:

L =

 L̃1x L̃1y L̃1z

L̃2x L̃2y L̃2z

L̃3x L̃3y L̃3z

 (51)

In order to compute components H, matrix P′ can be
obtained as:

P′ = L−1 =

 Px1 Px2 Px3
Py1 Py2 Py3
Pz1 Pz2 Pz3

 (52)
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By operating on the matrices written for each spatial
direction, and using the components of matrix P′, one
obtains:

HT =

 Hxx Hyx Hzx
Hxy Hyy Hzy
Hxz Hyz Hzz

 (53)

HT =

 Px1 Px2 Px3
Py1 Py2 Py3
Pz1 Pz2 Pz3

 hx1 hy1 hz1
hx2 hy2 hz2
hx3 hy3 hz3

 (54)
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Now it is possible to write the solution equation,
considering the Tonti’s diagram of the elastic problem

P

L S̃

Ṽu

h t

f

h = G3u

ε σσ = E�� = Ph t = Aσ

f = −D̃3t

Figure: Tonti’s diagram of elastic problem
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Then solution equation has the expression

GT AEPGu = Fe, (55)

and in compact form:

GT MelGu = Fe, (56)

considering the stiffness formulation of the elastic
problem, equation 56 can be expressed as:

Ku = Fe (57)
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